It is demonstrated that point-form relativistic quantum mechanics can be applied to elastic electron-deuteron scattering. The deuteron is modeled using relativistic interactions that are scattering-equivalent to the nonrelativistic Argonne v 18 and Reid '93 interactions. A point-form spectator approximation (PFSA) is introduced to define a conserved covariant current in terms of single-nucleon form factors. The PFSA is shown to provide an accurate description of data up to momentum transfers of 0.5 GeV 2 , but falls below the data at higher momentum transfers. Results are sensitive to the nucleon form factor parameterization chosen, particularly on the neutron electric form factor.
I. INTRODUCTION
Electron scattering is considered to be an ideal tool to study the electromagnetic structure of hadronic systems. However, relativity cannot be ignored for momentum transfers that provide information about structure at the scale of a few tenths of a fermi. In order to understand hadronic systems at this scale, reliable relativistic models of both the hadronic dynamics and the hadronic electromagnetic current are required. If the dynamics and current operator satisfy cluster properties, then information learned about the structure of the simplest two-and three-body systems provides the essential components of models needed to treat larger targets.
Elastic electron-deuteron scattering is the simplest reaction that must be accurately modeled in order to constrain the dynamical generators and current operators that are needed to model more complex systems. Because the deuteron is an isoscalar target, it might be expected that it can accurately be described by a minimal relativistic impulse-like approximation. By impulse-like approximation is meant a relativistic model with a conserved covariant hadronic current that is determined by one-body form factors. The problem is that there are many physically motivated impulse prescriptions, and unfortunately, the naive impulse approximation is inconsistent with both current conservation and current covariance.
In this paper we investigate an impulse-like approximation to the hadronic current called the point-form spectator approximation (PFSA). The PFSA is based on a relativistic model of the dynamics where all of the interactions are included in the four momentum operator, and where the Breit frame matrix elements of the transverse current at x = 0,
are identified with matrix elements of a sum of one-body operators. In this model, Q represents the four momentum transfer, and the one-body current operators are determined using the form-factor parameterizations of Gari-Krümpelmann [1] and Mergell-Meissner-Drechsel [2] . The remaining current matrix elements are determined by current conservation and current covariance.
The PFSA has the advantage that it can be consistently applied to nuclear targets with any spin. If it can be established that the PFSA describes most of the electromagnetic physics in the isoscalar channels, then an important part of the current in more complex systems will be fixed. Elastic electron-deuteron scattering is the first test of the viability of the PFSA.
An exact unitary representation of the Poincaré group on the two-nucleon Hilbert space can be constructed using the mass-squared method [3] . This method provides dynamical generators of the Poincaré group that lead to the same deuteron binding energy and phase shifts as a given input nucleon-nucleon interaction. In this case the input interactions are the Argonne v 18 [4] interaction and the Reid '93 [5] interaction.
The use of different interactions and one-body form factors provides a means to test the sensitivity to these two kinds of input.
II. RELATIVISTIC QUANTUM MECHANICS
A theory is relativistically invariant if the theoretical predictions of the probabilities are independent of the choice of the inertial coordinate system. In 1939 Wigner [6] showed that relativistic invariance requires the existence of a unitary representation of the Poincaré group.
There are a number of ways of thus incorporating relativity into quantum mechanical systems with a finite number of degrees of freedom, called by Dirac [7] the instant, front, and point forms of relativistic quantum mechanics. Each of these forms has its relative advantages and disadvantages; and all forms are, because of the nature of the Poincaré commutation relations, more complicated than their nonrelativistic couterparts. How interactions are put into the ten Poincaré generators determines the different forms of relativistic quantum mechanics.
Several authors have used the front form to analyze elastic deuteron form factors [8] [9] [10] [11] [12] .
In this paper we will use the point form in which all of the interactions are put in the four-momentum operator, and the Lorentz transformations are independent of interactions.
Since the Lorentz transformations are kinematic, it is advantageous to focus on finite Lorentz transformations, in which case the Poincaré relations can be written as
where U(Λ) is the unitary operator representing the Lorentz transformation Λ. The difficulty is that the trivial solution satisfying [P The first construction of non-trivial generators was given by Bakamjian and Thomas [13] in 1953. The central element of the Bakamjian-Thomas construction was to add interactions to the mass that commuted with and were independent of the kinematic spin. Since the fourmomentum operator is the generator of space-time translations, a covariant four-momentum operator can be written as
where
with
This provides a simple realization of a relativistic dynamics. Although this method fails to satisfy spacelike cluster properties for systems of more than two nucleons, it provides a suitable model for the deuteron [14] . For systems of three or more particles, a general solution of this method that satisfies cluster properties is known [15] .
III. TWO-BODY DYNAMICS
The model Hilbert space is the two-nucleon Hilbert space. Along with their mass m i = m and spins s i = 1/2 (suppressed to simplify notation), plane-wave basis states can be labeled by the individual nucleon velocities and the three-component of the canonical spin for each nucleon [3] :
The free Poincaré group acts irreducibly on each one-particle eigenstate:
assuming a normalization
where B(v)(1, 0, 0, 0) = v is a rotationless canonical boost in the v direction.
The two-body Hilbert space can be decomposed into a direct integral of irreducible subspaces of the Poincaré group using Clebsch-Gordan coefficients of the Poincaré group:
and the Wigner D-functions are of the form
Here B(v) is a canonical boost along the z-axis, with tanh α = p z /E.
Models of the strong interaction dynamics are expressed in the irreducible plane-wave representation |v, µ(j, k, l, s) .
That this velocity state transforms correctly under Poincaré transformations follows because Eq. (10) is a Clebsch-Gordan coefficient for the Poincaré group. This is shown in detail in
Ref. [16] . In this representation the free mass is the multiplication operator
A general point-form interaction satisfying the Bakamjian-Thomas constraints [13] has the
If the kernel of M 2 I is taken to be
where v j nn is the kernel of a nucleon-nucleon interaction, then the mass defined by
will satisfy Eqs. (5) and thus the Poincaré commutation relations, Eqs. (2) . Denoting the eigenvalue of the interacting mass operator by λ 2 , the equation
can be rewritten in the form of the nonrelativistic Schrödinger equation
In this modelM 2 , v 0 , j 2 0 , and j 0 ·ẑ are mutually commuting self-adjoint operators. Simultaneous eigenstates of these operators are denoted by
with normalization
Because the plane-wave basis also involves simultaneous eigenstates of the kinematic operators v 0 , j 0 2 , and j 0 ·ẑ, it follows that the wavefunctions associated with the mass eigenstates in the plane-wave basis have the form
where Φ j ls (k) is the nonrelativistic wavefunction associated with one of the two chosen nonrelativistic potentials.
The dynamical unitary representation of the Poincaré group is fixed by the demand that the eigenstates |v, m N , j, µ transform as irreducible mass-m N , spin-j representations of the Poincaré group:
It can be shown that this relativistic model gives the same S-matrix elements as the corresponding nonrelativistic model [3] . This is not surprising since the wavefunctions and phase shifts at the same value of k are identical.
The deuteron binding energy in the relativistic model differs from the nonrelativistic binding energy [3] by a very small amount:
Ignoring the small correction in the deuteron binding energy, the model defined above is an exactly relativistic point-form quantum model of the two-nucleon system that is consistent with the same data as the corresponding nonrelativistic model.
Finally, a necessity in any electron-scattering experiment is the construction of a hadronic current operatorĴ µ (x). For the current operator to be relativistic, it must satisfy translational covariance,
Lorentz covariance,
and current conservation,
These are dynamical constraints in relativistic quantum models.
Translational covariance can be realized by using the dynamical translation operators to
If in additionĴ µ (0) tranforms as a Lorentz four-vector [16] , thenĴ µ (x) will satisfy Eqs. (27) and (28), and the equation for current conservation becomes
IV. FORM FACTORS AND ELASTIC OBSERVABLES
The goal of a spectator approximation is to define a model current operator in terms of measured one-body current operators. The point-form spectator approximation defines the current in three steps. For a frame with the momentum transfer in theẑ direction:
The interacting part ofẑ · J(0) is defined so that
This defines the current matrix elements of J µ (0) in terms of one-body matrix elements in the frame where the momentum transfer is in the z-direction. Lorentz and translational covariance determmine the matrix elements in all other frames.
Because the the interactions in the point form are in the four-momenta, in the PFSA the momentum transfer seen by the scattered nucleon is not the same as the momentum transfer seen by the nucleus. In Appendix A we show that the relationship between the momentum Q transferred to the deuteron and the momentum transferred to the interacting nucleon is
That is, the point-form momentum transfer seen by an individual nucleon will be greater in magnitude than the total deuteron momentum transfer Q 2 . This is why the PFSA is referred to as an impulse-like rather than an impulse approximation.
Two important implications follow from the equations (34) and (35) above. First, the PFSA momentum transfer depends on the internal momentum k, which is a variable of integration. Thus in the PFSA, form factors depending on (p
, the deuteron form factors will fall off faster in the point-form calculations than in forms where |(p
The input to the PFSA are single-nucleon current operators. The general structure of these operators follows from covariance, parity, hermiticity, and time-reversal symmetry. For a spin-1/2 target the conditions imply that all matrix elements can be expressed in terms of the Dirac form factors, F 1 (Q 2 ) and F 2 (Q 2 ). The general expression has the form
where u ρ (p) andū ρ ′ (p ′ ) are Dirac spinors, the gamma and sigma matrices are those of Bjorken and Drell [17] , q ν = p ′ ν − p ν , and F 1 (Q 2 ) and F 2 (Q 2 ) are the form factors of the spin-1/2 particle.
The Sachs electric and magnetic form factors of the nucleons are
where τ = Q 2 /4m 2 , and p(st) = m D v and p ′ (st) = m D v ′ represent the initial and final momenta in the standard frame. (Here the standard frame is the Breit frame, where the nucleon enters with momentum −Q/2 and exits with momentum Q/2, both along the z-axis, which is also the axis along which the spin projection is measured.) These Dirac and Sachs form factors are related by
The input we use to define the model PFSA current are the single-nucleon form factor parameterizations of Gari-Krümpelmann [1] and Mergell-Meissner-Drechsel [2] .
The experimental observables for the deuteron and nucleon are well known. The elastic observables A(Q 2 ) and B(Q 2 ) are extracted from the Rosenbluth formula for the crosssection of unpolarized scattering in the lab frame,
where α is the fine-structure constant, θ the scattering angle, and E and E ′ the initial and final energies. For the nucleons, it can be shown [18] that
Because spin-1/2 particles have only two independent form factors, measurements of A(Q 2 ) and B(Q 2 ) suffice to determine G E and G M . Using data from such measurements, various parameterizations of the nucleon form factors [1, 2, [19] [20] [21] have been constructed.
The deuteron has three independent form factors. A common classification is to denote them as the charge monopole G E , magnetic dipole G M , and electric quadrupole G Q form factors. As current matrix elements, these are defined by
where η = Q 2 /4m 
lim
where e is the charge, µ D the magnetic dipole moment, and Q D the electric quadrupole moment of the deuteron.
The Rosenbluth formula alone cannot determine all three of the deuteron's form factors.
The other independent observable normally measured is the deuteron tensor polarization T 20 , defined as
where dσ µ refers to the differentical cross-section with helicity µ. The deuteron elastic observables are:
where f = 1/2 + (1 + η) tan 2 (θ/2).
V. NUMERICAL RESULTS
To test the point-form spectator approximation we use the point-form relativistic quantum model of the deuteron described in Sec. III, based on the Argonne v 18 and Reid '93 potentials.
The only significant differences between the wavefunctions these potentials produce in configuration space occur below 0.4 fm for the S wave and below 1.0 fm for the D wave.
In momentum space the wavefunctions do not exhibit significant differences up to 5 fm −1 , about 1 GeV, above which they do differ noticeably. The effects on the choice of interaction is therefore expected to be relevant at high momentum transfers.
The PFSA currents are constructed using the Gari-Krümpelmann The deuteron form factor G E has been calculated using both form factor parameterizations and both nucleon-nucleon potentials. The absolute values of the results are displayed in Figure 1 . The results are independent of the nucleon-nucleon potential used, except for small variations at high momenta. The primary differences in G E and G Q are due to the nucleon form factor parameterizations. (Figure 2 compares the G-K and MMD neutron form factors.
Note that the major difference is in the parameterization of the neutron electric form factor; the neutron magnetic form factor parameterizations, and the proton parameterizations as well, are very similar.) For G E , both the Gari-Krümpelmann and the Mergell-MeissnerDrechsel form factors agree at low momentum transfers and have zeroes near 0.8 GeV 2 . The G-K form factors predict a second zero near 5.5 GeV 2 while MMD predicts a second zero between 6 and 7 GeV 2 . Because the two form factors are almost identical except for the parameterization of the neutron electric form factor, this would suggest that the neutron form factor is the dominant cause of the differences in the calculations of G E . Figure 3 illustrates the dependence of the magnitude of the form factor G M on the potential and on the nucleon form factors used. Both parameterizations predict the same behavior up to the first zero, this time at 1.6 GeV 2 , and within the range studied, fall off with almost identical behavior. Comparison with Figure 1 would suggest that the neutron electric form factor has little effect on the calculation of G M . A further comparison to experimental data can be made by examining the static limit of G M . Equation (48) relates this limit to the deuteron magnetic moment, and Table I displays the results. In the static limit, the parameterization of the nucleon form factors does not affect the results, while the choice of nucleon-nucleon interaction does. This is expected, as the form factors must approach precise limits as Q 2 → 0, while the momentum-space wavefunctions have no such constraints.
This procedure is repeated for G Q in Figure 4 . As was the case with G E , there is little difference due to the potential used, but a noticeable difference between the predictions of the G-K and MMD parameterizations. The G-K form factors show a zero between 4.5 and 5.0 GeV 2 , while the MMD form factors produce a zero approximately a GeV 2 higher. Further, the magnitude of the G-K results is greater than that of MMD almost everywhere throughout. The different neutron electric form factor parameterizations is the primary cause of the differences in the results. The deuteron electric quadrupole moment (Eq. 49), displayed in Table 1 , differs from the experimental result, the calculated values approaching about 90%
of the experimental value, as opposed to 99% for the magnetic moment calculations. This is consistent with other models.
To summarize, these point-form calculations imply that the deuteron form factors are essentially independent of the potential (Argonne v 18 or Reid '93) used, but depend more significantly on the parameterizations of the form factors, and in particular on the neutron electric form factor, as this is the only substantial difference between the G-K and MMD parameterizations. The static moments are similar to predictions in other realistic models [4, 20, 22, [31] [32] [33] with the electric quadrupole moment differing with experiment by about 10%. this discrepancy is typical of most impulse-like approximations in other forms [4, 10, 26, 31, 32] , though some authors [10, 30] were able to fit the data using the Argonne v 14 potential, and others [22] get results notably higher than the data.
The elastic observable B(Q 2 ), related directly to the magnetic form factor G M , is displayed in Figure 7 up to 8 GeV 2 using both potentials and both sets of parameterizations.
The data come from Refs. [34, [38] [39] [40] . As was the case with A(Q 2 ), both parameterizations fit the data up to about 0.5 GeV 2 but fail to do so thereafter, and again the G-K results are slightly higher than the MMD beyond 3 GeV 2 . However, the difference in magnitude between the variations for A(Q 2 ) and B(Q 2 ) suggests that the neutron electric form factor has little effect on B(Q 2 ), as indeed it had little effect on G M . The zero in B(Q 2 ) occurs too low (around 1.6 GeV 2 instead of near 1.9 GeV 2 as the data would suggest.) Yet once again this is consistent with the results of many other spectator and impulse approximations [4, 22, 10, 26, 31, 32] .
The tensor polarization, T 20 (Q 2 ), is displayed in Figure 8 , with data from Refs. [41] [42] [43] [44] [45] [46] [47] [48] . The results (using the Argonne v 18 potential and the Gari-Krümpelmann form factors)
for A(Q 2 ) are displayed in Figure 9 . Note that the relativistic, constant-Q 2 calculation is lower than the nonrelativistic result, and the point-form calculation lower still. While a relativistic treatment is needed as a matter of principle at high momentum transfers, it is clear that in these calculations the effects of combining the PFSA with point-form quantum models has a tendency to reduce the structure function A(Q 2 ) at high Q 2 . One clear cause of this is that
the magnitude of the point-form momentum transfer is greater than the magnitude of the nonrelativistic momentum transfer. Because the form factors depend on the magnitude of the momentum transfer, they therefore drop off more quickly in the point form. This reduces the point-form results in comparison to the nonrelativistic and relativistic, constant-Q 2 calculations. The calculations displayed in Fig. 9 show that there is an additional drop-off relative to the nonrelativistic impulse approximation that cannot be attributed to the shift in the momentum transfer.
The point-form and nonrelativistic results for B(Q 2 ) and T 20 (Q 2 ) do not exhibit as dramatic differences as they did for A(Q 2 ). Again in the graph of B(Q 2 ), Figure 10 , one sees that the point-form calculations are lower through most of the range than the nonrelativistic and the relativistic but constant-Q 2 results (which are nearly identical.) For these observables, the difference is entirely due to the larger magnitude of the momentum transfer in the point-form method.
VI. ANALYSIS
One purpose of this work was to test the point-form spectator approximation on the Much more pronounced were the differences between the Gari-Krümpelmann and the Mergell-Meissner-Drechsel parameterizations of the nucleon form factors. As the momentum transfers become higher, the two often predict significantly different results. These are most notable in the deuteron form factors G E and G Q , which are sensitive to the neutron electric form factor; the G-K parameterization, whose neutron electric form factor falls off markedly more rapidly than the MMD, produces deuteron form factor zeroes in the intermediate range that occur at higher momentum transfers in the MMD results. That this phenomenon is due to the neutron electric form factor is supported by the similarity of results for G M , where the nucleon magnetic form factors dominate the calculations.
Aside from differences due to varying potentials and nucleon form factors, the consequences of the point form's non-trivial momentum transfer were also examined. It was shown that the point-form momentum transferred to a nucleon is greater than the Q 2 transferred to the deuteron, and that its deviation increases with increasing Q 2 . This results in a lowering of the deuteron form factors and elastic scattering observables compared to nonrelativistic calculations. The greater magnitude of the point-form momentum transfer causes a quicker fall-off of the nucleon form factors, and the deviation from nonrelativistic calculations was attributed to this.
The PFSA provides a consistent, Lorentz-covariant procedure well-suited to addressing two-body problems such as the deuteron. The most important advantage is that the PFSA can easily be generalized to three-body or larger problems; the kinematic covariance makes it a particularly useful framework for constructing exchange currents.
Additional dynamical two-body currents must be added to the PFSA in order to bring the calculations into agreement with existing data at intermediate to high momentum transfers. In this appendix we construct the point-form spectator approximation current matrix elements
The deuteron wavefunction in the basis Eq. (15) has the form
where u 0 (k) and u 2 (k) are the nonrelativistic S and D state deuteron wavefunctions. The
Clebsch-Gordan coefficients, Eq. (10), are used to express this in terms of a single-particle plane wave basis:
These expressions can be used to compute the current matrix element
where the nucleon current matrix elements are given by Eq. (36).
The momentum transfer (p ′ i − p i ) seen by nucleon i can be computed following Ref. [16] .
Suppose that the momentum transfer is along the z-axis. 
B(v in
are the boosts that take the deuteron from the center of momentum frame to the Breit frame 
The initial energies and momenta are then:
p 1z = k z cosh ∆/2 + ω sinh ∆/2; E 2 = ω cosh ∆/2 − k z sinh ∆/2;
where ω and k are center of momentum variables.
In this notation, k z refers to the relative z-axis momentum of particle one. This convention gives rise to the following relations: from Refs. [34] (squares), [38] (triangles), [39] (crossed circle), and [40] (open circles).
